In this paper, the mechanical properties, such as the axial and radial Young's moduli, shear moduli, buckling loads and natural frequencies, of single-walled carbon nanotubes, are estimated by a finite element approach. Each carbon nanotube is simulated as a frame-like structure and the primary bonds between two nearest-neighboring atoms are treated as isotropic beam members with a uniform circular cross-section. In the modeling work, the BEAM4 element in commercial code ANSYS is selected to simulate the carbon bonds and the atoms are nodes. As to the input parameters of the BEAM4 element, they are determined via the concept of energy equivalence between molecular dynamics and structural mechanics, and represented in terms of the force constants of the carbon bonds found in molecular mechanics. Based on this modeling concept, finite element models of both armchair and zigzag types of carbon nanotubes with different sizes are established and the mechanical properties of these tubes are then effectively predicted. Most of the computed results which can be compared with existing results show good agreement. Moreover, the effects of tube diameter, length etc., on the mechanical properties are also investigated.
Introduction
Extensive research activities have been devoted to carbon nanotubes (CNTs) since their discovery by Iijima in 1991 [1] . Due to the exceptional mechanical properties: small size, low density, high stiffness, high strength etc., CNTs represent a very promising material in many areas of science and industry. However, the understanding of the mechanical properties of CNTs is still insufficient so that the design and optimization of CNTs in nanoengineering is limited. Researchers have tried to estimate the mechanical properties of multi-and singled-walled nanotubes (MWNTs and SWNTs) in many ways, such as experiments, molecular dynamics, and elastic continuum modeling approaches. For example, experimental investigations conducted by Treacy et al. [2] , Krishnam et al. [3] , Wong et al. [4] , who used TEM/AFM to measure the Young's modulus of CNTs, reported values ranged from 0.90 to 1.80 TPa. Due to the difficulties in experimental investigation of CNTs, theoretical modeling techniques have also been developed to estimate the mechanical properties of CNTs. Among the available modeling techniques, the molecular dynamics (MD) method which is based on the force field and total potential energy related to the interatomic potentials for CNTs in a macroscopic sense has been used most extensively (Iijima et al. [5] ; Gau et al. [6] ; Zhang et al. [7] ; Zhou et al. [8] ; Belytschko et al. [9] ). In this method, the bonding and nonbonding potentials are represented in terms of the force constants and the distance change among the atomic bonds, and then elastic moduli are determined by applying different small-strain deformation modes. However, MD simulation which has to consider the thermal vibration of atoms is not efficient for long time or static problem. Since it's time consuming, the analysis of CNTs by MD is limited. The other approach is the continuum/finite element method. Since a nanotube can be well described as a continuum solid beam or shell subject to tension, bending, or torsional forces, it is reasonable to model the nanotube as a frame-or shell-like structure, then the mechanical properties of such a structure can be obtained by classical continuum mechanics (Zhang et al. [10] ; Xiao et al. [11] ; Li and Chou [12, 13] ) or finite element method (Tserpes and Papanikos [14] , Kirtania and Chakraborty [15] , Jalalahmadi and Naghdabadi [16] ). However, due to the uncertainty of the CNT wall thickness for both of the above modeling techniques, the obtained mechanical properties of SWNTs or MWNTs have scattered values, for example, as summarized in [16] , the axial Young's modulus ranging from about 1.0 TPa to 5.5 TPa can be found in the existing literature.
In our previous study [17] , we have successfully developed a finite element (FE) model of SWNTs and consequently estimated their axial Young's modulus. The approach is based on the fact that the carbon nanotube can be treated as a frame-like structure, and the primary bonds between two nearest-neighboring atoms can be modeled as beam elements in view of the concept of finite element method. Moreover, we adjust the modeling work to be suitably implemented by the finite element commercial code ANSYS to save the effort of program coding and make this approach more convenient and efficient. In this paper, we will extend the use of the model to estimate the other mechanical properties of SWNTs and re-evaluate the efficiency and accuracy of the proposed approach.
Finite Element Modeling
As mentioned above, CNTs can be treated as a frame-like structure with their bonds as beam members and carbon atoms as joints. To establish the linkage between the force constants in molecular mechanics and the beam element stiffness in structural mechanics, the energy equivalence concept proposed by Li and Chou [12] is employed. From the above Table, the concept of energy equivalence between the two systems implies that the relationship between the element stiffness EA/L, EI/L, GJ/L and the force constants r k , k θ , k τ can be directly represented as , ,
(1)
Eq. 1 is the basis of the present approach, and the values of the force constants r k , k θ and k τ according to the experience of dealing with graphite sheets are selected as , which is numerically proven to have little influence on CNTs' Young's modulus in [12] .
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In our finite element modeling work, the BEAM4 element in ANSYS is selected to simulate the carbon bonds while the atoms are nodes. Fig. 1 depicts how the hexagonal lattice of the CNT is simulated as structural elements of a space frame, where c c a − stands for the initial length of C-C bond. We assume that the cross sections of the beam elements are identical and circular, and the necessary input data of the BEAM4 element are the Young's modulus E, the Poisson's ratio ν and the diameter of the circular cross section 0 d . From the first two equations of Eq. 1, we have 
is the area of the cross section, d in = 1.47 is the diameter of the circular section.
Mechanical Properties of SWNTs
Axial and Radial Young's Moduli. Consider two main types of SWNTs, zigzag and armchair, their axial and radial Young's moduli will be examined by the FE model established according to the above theoretical base. In fact, the former moduli have been successfully estimated in [17] , consequently the latter can be directly obtained by the same FE model. Note that the wall thickness of the tube is selected to be 0.34 nm which is equal to the interlayer spacing of graphite in calculating the associated mechanical properties throughout this paper. Fig. 2 displays the computed axial and radial Young's moduli of both zigzag and armchair SWNTs with different tube diameters, and the axial Young's moduli obtained by Li and Chou [12] is also plotted for comparison. From Fig. 2 , it can be seen that the trend is similar for both zigzag and armchair SWNT, and with increasing tube diameter, the Young's moduli of zigzag SWNTs increase slightly faster than those of armchair SWNTs.
Fig. 2 The Young's modulus of SWNTs versus tube diameter
Shear Moduli. To simulate a pure torsion condition of SWNTs, we apply tangent forces at one end and the other is fixed. Then the shear moduli can be obtained by the relationship between the applied torque and the corresponding torsional angle. Fig. 3 shows the results of shear moduli versus the tube diameter, it illustrates that the trend of the shear moduli is similar to that of the Young's moduli, and the convergent value is about 0.5 TPa which is closed to most of the results found in the existing literature. Fig. 3 The shear modulus of SWNTs versus tube diameter Buckling Loads. In the buckling analysis of SWNTs, we investigate the buckling loads of the zigzag (5, 0) and armchair (3, 3) which have the same diameter with different aspect ratios L/d, where L and d are respectively the length and diameter of the tube. Under the boundary condition that one end is fixed, the results of the FE analysis are displayed in Fig. 4 . In addition, the results obtained by Li and Chou [13] as well as the theoretical solution of the buckling load P cr for a cylindrical shell, which can be represented as where the axial Young's modulus of the tube E is chosen to be the estimated value obtained in the previous section and I is the moment inertia, are also plotted. From Fig. 4 , it can be observed that the buckling load decreases as the aspect ratio increases, and the shapes of curves for zigzag and armchair nanotubes are almost coincident. Moreover, all the numerical and theoretical results gradually agree with each other at the aspect ratio larger than 6.
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Advances in Fracture and Materials Behavior Fig. 4 The effects of nanotube aspect ratio on the buckling load of SWNTs Natural Frequencies. Consider two different types of SWNTs, zigzag (14, 0) and armchair (8, 8), which have the same tube diameter. The mass of a single carbon atom is 26 1.9943 10 − × kg and the rotational degrees of freedom of the atom can be neglected due to its extremely small radius. Under the same boundary condition described above, the computed natural frequency of the fundamental mode versus aspect ratio is shown in Fig. 5 . The theoretical solution, which can be represented as 4 3.5 / EI mL ω =
[18], where m is the tube mass per unit length, is also depicted in the figure for comparison. It can be seen that the numerical result is pretty close to the theoretical solution. Fig. 5 The effects of nanotube aspect ratio on the natural frequency of SWNTs
Conclusion
A FE approach for estimating the mechanical properties of the zigzag and armchair SWNTs has been developed and implemented by a commercial FE code ANSYS. We examine the axial and radial Young's moduli, shear moduli, buckling loads and natural frequencies for both zigzag and armchair SWNTs from the established FE model, and the obtained results show good agreement with those found in the literatures. The main advantage of the proposed method is the significant saving of the program coding and computing time, as well as the fair accuracy in estimating the mechanical properties of the SWNTs when compared to the other numerical methodologies. It can be concluded that this approach is a valuable tool for studying the mechanical behavior of carbon nanotubes.
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